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1. INTRODUCTION
The classical method of reduction by Lie point symmetries is one of the
best known methods of simplifying and solving partial differential equa-
 . w xtions PDEs 8, 9, 17, 21, 22, 25, 26, 32, 35, 36, 39, 43 . We denote a partial
differential equation
F x, u , u , . . . , u s 0 1.1 .  .1 m
 .involving dependent variables x s x , . . . , x , independent variable u and1 n
its jth order derivatives u , with components u .j x , . . . , x1 j
In the favoured method of variable reduction by invariants, one seeks a
compatible invariant solution expressible in the form
v f , f , . . . , f s 0, 1.2 .  .1 2 n
 4where f , . . . , f is a complete set of n independent invariants for a1 n
1-parameter Lie point transformation group
G : x, u ª x, u , .  .e
in infinitesimal form
2x s x q e X x, u q O e ; i s 1, . . . , n 1.3a .  .  .i i i
2u s u q eU x, u q O e . 1.3b .  .  .
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 .The assumption 1.2 leads to a reduced PDE among the n invariants,
 .from the PDE 1.1 among n q 1 variables x , . . . , x , u.1 n
 .In the classical method, 1.3 is presumed to leave the governing equa-
 .  .tion 1.1 invariant. However, a solution expressible in the form 1.2 must
necessarily satisfy the in¨ariant surface condition
m ­ u
X x, u s U x, u . 1.4 .  .  . i ­ xiis1
Hence, in the search for invariant solutions, it is not necessary to insist
 .that 1.3 leaves the whole solution variety invariant, as we need only
 .consider the subvariety satisfying 1.4 . This is the basis for the nonclassical
w xmethod originating from the pioneering work of Bluman and Cole 6 . In
 .this method 1.4 is used to eliminate one of the derivatives u from thex i
determining relations for X and U. Further, having obtained these deter-i
mining relations, it is assumed that among the subvariety of invariant
solutions, various derivatives u may be varied independently, so that thex i
nonlinear determining relations may be treated as polynomial equations
on the mth jet space.
In recent years, interest in the nonclassical reduction method has
w xintensified, since Clarkson and Kruskal 14 introduced the direct method.
In this method, one makes a general assumption of a possible collapse of
variables and then derives a set of determining equations for the func-
tional dependencies. This method, which may proceed without any refer-
ence to Lie symmetry theory, has led to new solutions for a number of
w xinteresting nonlinear PDEs 13, 15, 18 . However, it is closely related to the
w x wnonclassical symmetry method 24 which turns out to be more general 4,
x31, 33, 38 . Hence, over the past three years, we have reverted to the
Bluman]Cole method to construct new solutions to various classes of
w xreaction-diffusion equation 3, 5, 20 . Interestingly, although the nonclassi-
cal method aims for many more solutions than those obtainable by the
classical approach, for many PDEs, all invariances are essentially classical.
We believe that this aspect deserves further elucidation, which is the
subject of this paper.
One of the main motivations for the original work of Bluman and Cole
w x w x6 , as stated in their subsequent abstract 7 was to find new solutions to
the linear heat equation
u s u 1.5 .t x x
w xand further, to find solutions not obtainable by the classical method 30 .
w xQuoting from Bluman and Cole 6 , ``However, all simple solutions we
have thus far found for this case are included in the classical case. For
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other equations the non-classical solutions have been shown to be more
general.''
The nonclassical determining relations for the heat equation have not
been solved in general. However, it is widely believed that they have many
nonclassical solutions.
In Section 2, we prove that e¨ery solution to the linear heat equation
 . 1.5 is invariant under some nontrivial classical symmetry ``nontrivial''
.meaning with X / 0 . In fact, this result is proven for all linear second
order PDEs with constant coefficients. This result is not merely dilet-
tantism. The simpler classical invariant surface conditions can be solved
explicitly, leading to explicit variable reductions.
In Section 3, we examine the more general nonlinear diffusion equations
2
F u u s u . 1.6 .  .t x xi i
is1
Via the Kirchhoff transformation
1
u s D u du , D s , 1.7 .  .H F
these are equivalent to the conservation equations
2 ­ ­u
u s D u , 1.8 .  .t ­ x ­ xi iis1
w xwhich arise in many applications 16, 27, 37, 40, 42, 44 . In a new approach,
without fully solving the nonclassical determining equations, we show that
 .with one minor exception, when T / 0, all nonclassical symmetries of 1.6
are essentially classical. In addition, we arrive at some major restrictions
on nonclassical symmetries in the case T s 0. In this new approach, which
we expect to be useful in a wider context, in many cases the classical
determining relations may be directly deduced from their nonclassical
counterparts, which originally take a quite different form.
2. CLASSICAL INVARIANCE OF ARBITRARY SOLUTIONS
TO PDE'S WITH CONSTANT COEFFICIENTS
We consider a general second order homogeneous PDE with two
independent variables and with constant coefficients,
0 s Lu
2 2
' a u q a u q a u , 2.1 . 0 i x i j x xi i j
is1 i , js1
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where subscript x denotes the operation of partial differentiation withj
respect to x . Without loss of generality, we assume a s 0. It is wellj 21
 w x.known e.g., 9, 32 that if any linear equation of order 2 or greater admits
 .a classical point symmetry of the form 1.3 , then
­ X ­ 2Ui
u , x s 0 and s 0. 2.2 .  .2­ u ­ u
Hence, we assume that X is a function of x and thati
U s f x u q g x . 2.3 .  .  .
 .The classical determining relations for 2.1 are
­ X a a ­ X1 0 12 1
a f q a f y 2 a q s 0 2.4a . i j x x i x 0i j i ­ x a ­ x1 11 2i , j i
­ 2 X ­ X a a y a a ­ X1 1 1 12 2 11 1
2 a f q a f y a y 3a q s 011 x 12 x i j 11 2 ­ x ­ x ­ x a ­ xi j 1 11 2i , j
2.4b .
­ 2 X ­ X ­ X a a ­ X2 2 1 2 12 1
a f y a y a y 2 a q s 0 2.4c . 12 x i j i 21 ­ x ­ x ­ x ­ x a ­ xi j i 1 11 2i , j i
­ X ­ X a2 y 2 a a ­ X ­ X1 2 12 11 22 1 2
2 a f y 3a y 2 a q y a s 022 x 12 11 122 ­ x ­ x a ­ x ­ x1 1 11 2 2
2.4d .
­ X a a ­ X ­ X ­ X1 22 12 1 2 2y2 a q y a y 2 a s 0 2.4e .22 12 22­ x a ­ x ­ x ­ x1 11 2 1 2
Lg s 0. 2.4f .
 .Equation 2.4f merely indicates that by linear superposition, any other
solution g may be combined with u to produce a new solution u s u q e g
 .of the linear equation 2.1 . Note that since L is assumed to be second
order, a may be assumed to be non-zero; the heat equation is the case11
a s 1, a s y1, a s a s a s 0.11 2 12 22 1
 .Now we will make use of the fact that every homogeneous equation 2.1
with constant coefficients does in fact possess nontrivial classical symme-
tries. These include not only translations for which X is non-zero andi
constant but also others for which X depends on x. These may be inferred
w xfrom the known symmetry algebras 22, 25, 28 of the canonical forms for
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 .2.1 , which include the linear heat equation, the Laplace equation, the
Helmholtz equation, the modified Helmholtz equation, the hyperbolic
analogue of the latter, and the linear wave equation. To this list, we add
the free-particle Schrodinger equation, whose symmetry group is analo-È
wgous to that of the heat equation with pure imaginary diffusivity 1, 10, 28,
x29 .
THEOREM 1. E¨ery solution of a linear second order partial differential
 .equation 2.1 with one dependent ¨ariable and two independent ¨ariables,
and with constant coefficients, is in¨ariant under some nontri¨ ial classical
symmetry.
 .  .Proof. Let u s ¨ x be an arbitrary solution of 2.1 . We are required
 .to find X, f , and g, with X / 0, satisfying 2.4 , and such that the symmetry
 . . 2  .generated by vector field G s fu q g ­r­ u q  X ­r­ x leavesis1 i i
the solution invariant,
0 s G u y ¨ x s f¨ q g y X ¨ . 2.5 .  . . us¨ i x i
i
 .  .In fact, if X, f , g is any solution to 2.4 , with X / 0, then we may replace
 .  .g by another suitable solution to 2.1 so that 2.5 is satisfied. If we
 .redefine g x to be
2
g s X x ¨ y f¨ , 2.6 .  . i x i
is1
 .then the requirement that g satisfies 2.4f gives
2 2­ X ­ X ­ X1 1 2
a ¨ q 2 ¨ q X ¨ q ¨11 x x x 1 x x x x2 21 1 1 1 1 1 2­ x­ x ­ x11 1
­ X2q2 ¨ q X ¨ y f ¨ y 2 f ¨ y f¨x x 2 x x x x x x x x x1 2 1 1 2 1 1 1 1 1 1­ x1
2­ X ­ X ­ X1 1 1qa ¨ q ¨ q ¨ q X ¨12 x x x x x 1 x x x1 1 2 1 1 1 1 2­ x ­ x ­ x ­ x1 2 1 2
­ 2 X ­ X ­ X2 2 2yf ¨ y f ¨ q ¨ q ¨ q ¨x x x x x x x x x1 2 1 2 2 2 2 1 2­ x ­ x ­ x ­ x1 2 1 2
qX ¨ y f ¨ y f¨2 x x x x x x x1 2 2 2 1 1 2
2 2­ X ­ X ­ X1 1 2qa ¨ q 2 ¨ q X ¨ q ¨22 x x x 1 x x x x2 21 1 2 1 2 2 2­ x­ x ­ x22 2
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­ X2q2 ¨ q X ¨ y f ¨ y 2 f ¨ y f¨x x 2 x x x x x x x x x2 2 2 2 2 2 2 2 2 2 2­ x2
­ X ­ X1 2qa ¨ q X ¨ q ¨ q X ¨ y f ¨ y f¨1 x 1 x x x 2 x x x x1 1 1 2 1 2 1 1­ x ­ x1 1
­ X ­ X1 2qa ¨ q X ¨ q ¨ q X ¨ y f ¨ y f¨2 x 1 x x x 2 x x x x1 1 2 2 2 2 2 2­ x ­ x2 2
qa X ¨ q X ¨ y f¨ s 0. 2.7 .0 1 x 2 x1 2
 .  .Since u s ¨ x satisfies 2.1 and its differential consequences, we may
 .  .eliminate ¨ , ¨ , and ¨ from 2.7 . Equation 2.7 then collapsesx x x x x x x x1 1 1 1 1 1 1 2
to a form which is satisfied identically whenever X and f satisfy
 .  .2.4a ] 2.4e .
A simple extension of the above argument would allow a linear forcing
 .term to be included on the left hand side of 2.1 . Given any particular
 .  .solution ¨ x to the inhomogeneous equation L¨ s c x , then u s ¨ yp
 .  .¨ x again satisfies the homogeneous equation 2.1 , so that Theorem 1p
still applies.
2.1. Example Solutions of the Heat Equation
 .The classical Lie symmetry algebra of the heat equation 1.5 is well
w xknown 6, 9, 22, 25, 28 . One suitable basis of generators is
­ ­ ­ ­
G s , G s , G s x q 2 t ,1 2 3­ t ­ x ­ x ­ t
­ 1 ­ ­ ­ 1 ­
2 2G s t y xu , G s xt q t y x q 2 t u , .4 5­ x 2 ­ u ­ x ­ t 4 ­ u
­ ­
G s u , and G s g x , t , .6 g­ u ­ u
 .where g x, t is an arbitrary solution of the equation g s g .t x x
We will demonstrate that the best-known examples of nonclassically
invariant solutions are in fact invariant under classical symmetries of the
form
6
G s a G q G i i g
is1
 .with g x, t an exceedingly simple solution such as a constant or a linear
function of x. In such cases the invariant solutions could have been
obtained directly by solving the classical invariant surface condition.
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w xBluman and Cole 6 constructed some nonclassical symmetries of the
 .heat equation 1.5 . In the first example, XrT s y1rx and U s 0. For
 .  .  .convenience, here we replace the symbols x , x by x, t and X , X by1 2 1 2
 .X, T . The given example of an invariant solution is
x 2
u s ¨ x , t s a q t q b. 2.8 .  . /2
This solution is also invariant under the classical symmetry generated by
G s G q 2G q G , with g s y2b.3 6 g
w xIn the second example of Bluman and Cole 6 ,
X y3 U y3u
s and s .2T x T x
The given invariant solution is
x 2
u s ¨ x , t s ax q 3t q bx , 2.9 .  . /2
which is also invariant under the classical symmetry generated by
G s G q 3G q G with g s y2bx.3 6 g
w xOlver and Rosenau 34 have the following example of a solution which
did not appear among the classical group-invariant solutions:
u s ¨ x , t s x 3 q 6 xt q c. 2.10 .  .
However, this solution is invariant under the classical symmetry generated
by
G s G q 3G q G with g s y3c.3 6 g
Now given any infinitesimal symmetry of the heat equation, according to
 .  .2.6 , from any seed solution ¨ x, t we may construct a chain of solutions
I n¨ x , t , 2.11 .  .
where the operator I is defined by
Ic x , t s Xc q Tc y f x , t c . 2.12 .  .  .x t
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 .For example, we will take X, T , fu to be the components of the vector
1 2 .field G . If ¨ x, t s x q t, the next member in the chain is5 2
x 2
1g x , t s I q t .  /2
3 3 x 4
2 2s x t q t q .
2 2 8
Then ¨ s x 2r2 q t is a particular solution to the inhomogeneous invariant
surface condition
2 4x t 3 3 x
2 2 2xtw q t w q q w s x t q t q , 2.13 .x t 4 2 2 2 8
corresponding to symmetry operator G q G , with g as above. Then the5 g
 .  .general solution to 2.13 may be obtained by adding ¨ x, t to the general
 . w xsolution of the homogeneous version of 2.13 , which is already known 6 .
This example demonstrates that even when g is nontrivial, it is sometimes
possible to construct the general solution to the inhomogeneous invariant
surface condition. This opens the possibility of constructing new nontrivial
solutions which were not previously thought to be obtainable by the
classical reduction method.
We expect that the proof of Theorem 1 can be extended to a higher
number of independent variables without great difficulty. We have verified
it for the 2 q 1 dimensional linear heat equation.
3. NONCLASSICAL METHOD APPLIED TO NONLINEAR
DIFFUSION
We now consider the nonlinear diffusion equation in one or two spatial
dimensions,
n
f u u s u n s 1 or 2 . 3.1 .  .  .x x xnq 1 i i
is1
w xAs described by Olver 32 , with precedents dating back to Lie and
 w x.Backlund see Ibragimov and Anderson 23 , the classical determiningÈ
relations are given by
2. 2
2Pr G f u u y = u s 0, 3.2 .  . .x f u y= us0nq 1 xnq1
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where Pr 2.G is the second prolongation of a general infinitesimal point
symmetry operator,
nq1 ­ ­
2.Pr G s X x, u q U x, u .  . j ­ x ­ ujjs1
nq1 nq1 nq1­ ­
q U q U , 3.3 .  j i j­ u ­ ux x xjs1 is1 jsij i j
with
nq1 nq1D
U s U y X u q X u j k x k x xk j k /Dxj ks1 ks1
nq1 nq1D D
U s U y X u q X u , 3.4 . i j k x k x x xk i j k /Dx Dxi j ks1 ks1
where DrDx is the total derivative with respect to x ,i i
Df ­ f ­ f ­ f
x, u , u , u , . . . s q u q u q ??? . 3.5 .  .1 2 x x xi i jDx ­ x ­ u ­ ui i xj j
Since from here on, summations will rarely be needed, we will now
 .  .dispense with the index notation, and write x, X as x, y, t, X, Y, T when
convenient. In the case of one spatial dimension, we obtain the linear
classical determining equations
X s 0 3.6a .u
f 9 u U y fT q 2 fX s 0 3.6b .  .t x
U s 0 3.6c .uu
2U q fX y X s 0 3.6d .u x t x x
fU y U s 0. 3.6e .t x x
 .In the nonclassical method, not only 1.6 but also the invariant surface
condition
Tu q Xu s U 3.7 .t x
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 .  .is used to eliminate both u assuming T / 0 and u from 3.2 . Then ift x x
 .we view 3.2 as a polynomial equation in u , we obtain the nonlinearx
nonclassical determining relations
X s 0 3.8a .uu
U y 2 X q 2 fXX s 0 3.8b .uu x u u
fX y 2 fUX q 2U y X q 2 fXX q f 9 u XU s 0 3.8c .  .t u x u x x x
yU q 2 fUX q fU q f 9 u U 2 s 0. 3.8d .  .x x x t
 .In 3.8 we have followed the traditional simplification in assuming T s 1.
 . Without loss of generality, T in 3.7 may be rescaled to 1 assuming
.T / 0 , since in the nonclassical method, we are interested not in arbitrary
 .solutions of 3.1 but only in those which are invariant under the symmetry
­ ­ ­
G s T q X q U ,
­ t ­ x ­ u
or equivalently under
­ X ­ U ­
G s q q ,
­ t T ­ x T ­ u
 .which has the same invariant surface 3.7 . However, since all of the
classical symmetries are already known, we may make a more judicious
choice for T in the nonclassical symmetry so that the nonclassical deter-
mining relations may be directly compared with their classical counter-
parts. In many cases, we can infer directly from the determining relations
 .that every nonclassical symmetry vector field with coordinates T , X, U is
 .  . .equi¨ alent to some classical symmetry T , X, U s c t, x, u T , X, U , for
some scalar function c . This is a practical definition of equivalence, since
both of these symmetries have the same invariant surface, leading to the
same variable reductions of the governing PDE. In the following, a
nonclassical symmetry will be called essentially nonclassical if it is not
equivalent to any classical symmetry. We illustrate this approach for
nonlinear diffusion in two space dimensions. The determining relations are
more restrictive in two dimensions, and more amenable to general analy-
sis. The classical determining relations obtained with the assistance of
w xDIMSYM 41 are
X s Y s 0 3.9a .u u
U s 0, so that U s A x , y , t u q B x , y , t . 3.9b .  .  .uu
2 A q X f u s 0 3.9c .  .x t
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2 A q Y f s 0 3.9d .y t
A u q B q A u q B y A u q B f s 0 3.9e .  .y y y y x x x x t t
Au q B f 9 u q 2 X f y T f s 0 3.9f .  .  .x t
X s Y 3.9g .x y
X s yY . 3.9h .y x
The complete list of classical symmetries for the conservation equations
 . w x1.8 was given by Galaktionov et al. 19 . With n s 2, the forms of Eqs.
 .3.1 that have special classical symmetries may be obtained by applying
 .  .  .the Kirchhoff transformation 1.7 to 1.8 . For arbitrary f u , the Lie
symmetry algebra has a subalgebra with basis
­ ­ ­ ­ ­
G s , G s , G s , G s x y y ,1 2 3 4­ t ­ x ­ y ­ y ­ x
and
­ ­ ­
G s 2 t q x q y ,5 ­ t ­ x ­ y
which generates translations in time and space, planar rotations, and
Boltzmann rescaling. The algebra is larger in the following special cases:
 .  .  .mi f u s a u q b ; a , b , m constant with a / 0, m / 0. After
a linear change of variable, a s 1 and b s 0 the extra basis vector may be
taken to be
­ u ­
G s t q .6 ­ t m ­ u
 .  . a uqb  .ii f u s e ; a , b constant with a / 0. Again taking a , b to
 .  .be 1, 0 , the extra basis vectors may be taken to be G s t ­r­ t q ­r­ u6
and
­ ­ ­
G s X x , y q Y x , y y 2 X , .  .Z x­ x ­ y ­ u
 .  .  .where Z x, y s X x, y q iY x, y is an arbitrary complex analytic func-
tion.
 .  .iii f u s a , the linear case which will not be discussed further.
 .We observe that in all the classical symmetries of 3.1 , T is a function
of t alone. Hence, without loss of generality we make this assumption for
the nonclassical symmetries.
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3.1. The Case T / 0
The nonclassical determining relations, obtained with the assistance of
w xMAPLE 12 , are
X s Y s 0 3.10a .u u
U s 0, so that U s A x , y , t u q B x , y , t 3.10b .  .  .uu
X Au q B f 9 q TX y XT q 2 XX f q 2 A T s 0 3.10c .  .  .t t x x
Y Au q B f 9 q TY y YT q 2YY f q 2 A T s 0 3.10d .  . .t t y y
f TA y AT u q f TB y BT y T A u q B .  .  .t t t t x x x x
2y T A u q B q 2 fY Au q B q f 9 Au q B s 0 3.10e .  .  . .y y y y y
X s Y 3.10f .x y
and
X s yY . 3.10g .y x
 .  .Since 3.10f , 3.10g are the Cauchy]Riemann relations we will fre-
quently make use of the fact that X and Y are harmonic functions,
2 2  .  .= X s = Y s 0. The subcases X / 0, Y / 0 , X s 0, Y / 0 or equiva-
 .  .lently after a rotation X / 0, Y s 0 , and X s 0, Y s 0 will need to be
examined separately. Within each subcase, we need to consider the three
 .  .possibilities A s 0, B s 0 , A s 0, B / 0 , and A / 0. We first illus-
 .trate the method in the case X / 0, Y / 0, A s 0, B s 0 . The classical
determining relations reduce to
X s Y s 0 3.11a .t t
T y 2 X s 0 3.11b .t x
X s Y 3.11c .x y
and
X s yY . 3.11d .y x
 .  .With T / 0, 3.11c , 3.11d remain true in the nonclassical approach.
 .  .Along with 3.11c , 3.11d the remaining nonclassical determining equa-
tions are
TX y XT q 2 XX s 0 3.12a .t t x
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and
TY y YT q 2YY s 0. 3.12b .t t y
 .  .  .From the nonclassical determining relations 3.11c , 3.11d , 3.12a ,
 .3.12b we deduce
T
X s x q c y q c .1 22 t q c
and
T
Y s y y c x q c , .1 32 t q c
with c, c , c , and c constant.1 2 3
 .We are free to choose T t s 2 t q c, after which
X s 0,t
Y s 0,t
and
T s 2 s 2 X .t x
These are just the classical determining relations. In all cases with
T / 0, X / 0, and Y / 0, we arrive at the same conclusion: that every
nonclassical symmetry is equivalent to a classical symmetry. Further details
of the calculations, including those of the most complicated case, that of
A / 0 and B / 0, are given in an expanded preprint version of this paper
w x2 .
In fact, we have exhausted all possible subcases with T / 0. Among
these, there is only one essentially nonclassical symmetry, and this occurs
 .for the case X s 0, Y s 0, A s 0 and with f u s c u q c , a linear2 3
function of u. For convenience we assume that c has been set to zero by a3
translation of the variable u and that c has been set to 1 by a rescaling of2
u. The classical determining relations are
B q B y uB s 0 3.13a .x x y y t
and
B y uT s 0 3.13b .t
which have no nontrivial solutions. The nonclassical determining equations
are
yT B q B y uB q B B y uT s 0 3.14 .  . .x x y y t t
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implying
TB y BT s 0t t
and
T B q B s B2 . 3.15 . .x x y y
 .After freely choosing T to be a function of t alone, 3.14 implies
 .  .  .  .B s h x, y T t for some function h x, y . Then 3.15 reduces to
h q h s h2 . 3.16 .x x y y
Hence, the most general nonclassical symmetry generator is of the form
­ ­
c x , y , t q h x , y , 3.17 .  .  .
­ t ­ u
 .  .where h x, y is any solution of 3.16 .
 .The most general solution of 3.1 , invariant under this nonclassical
symmetry is
u s th x , y q l x , y , 3.18 .  .  .
 .where h, l is any solution of the system
=2 h s h2 3.19a .
=2 l s hl. 3.19b .
 .We doubt that solutions of the form 3.18 , having a trivial linear
dependence on time, will be of practical use.
3.2. The Case T s 0
The invariant surface condition is
Xu q Yu s U. 3.20 .x y
This cannot be used to eliminate u , and the nonclassical determiningt
 .  .relations no longer include the Cauchy]Riemann relations 3.11c , 3.11d .
If, in addition, X s 0, then the nonclassical determining relations include
f 9 u U s 0. 3.21 .  .
 .  .This implies either that U s 0, so that u s 0 by 3.20 , or that f 9 u s 0,y
which is the case of linear diffusion already considered in Section 2.
Therefore, we assume X / 0.
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The nonclassical determining relations are
ÃY s 0, 3.22a .u
Ã ÃU s 0, so that U s A x , y , t u q B x , y , t 3.22b .  .  .uu
f 9
2Ã Ã Ã ÃÃ1 q Y U q 2Y y 2YY s 0 3.22c . . y xf
f 9
2Ã Ã ÃÃÃ ÃÃ Ã Ã ÃU U y UYU q UU q fU y U y Uu y x t x x y y /f
ÃÃ Ã Ãy 2UU q 2Y U s 0, 3.22d .x u x y
and
f 9 ÃÃÃ ÃÃÃ ÃÃ Ã Ã Ã ÃÃ2YUU y UYY q UY q fY y Y y Y y 2YUu y x t x x y y x u /f
Ã Ã Ã Ã Ãq 2Y Y y 2Y U q 2U s 0, 3.22e .x y x u yu
where
U YÃ ÃU s and Y s . 3.23 .
X X
ÃIf U s 0, then we deduce
a x q gÃY s y ,
a y q b
 .so that X, Y must be equivalent to the generators of the classical spatial
 .rotations and translations. From here on, we assume U / 0. From 3.22c ,
we have
ÃÃ Ã2 YY y Yf 9 u . x y /
s
2Ãf 1 q Y Au q B . .
for which the possible solutions are
ÃÃ Ãf s f if YY y Y s 0 , 3.24a .0 x y /
ÃÃ Ã2 YY y Yx y /muf s f e if s m and A s 0 , 3.24b .0 2Ã /B 1 q Y .
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or
ÃÃ Ã2 YY y YB x y /m
f s f u q c if s c and s m , 3.24c .  .0 2ÃA /A 1 q Y .
where f , m, and c are constants.0
 .We need not consider the linear case 3.24a any further. Next, we
 .consider the case 3.24b . We may set m to 1 by rescaling u, and we may
 .set f to 1 by rescaling t. Then 3.1 is equivalent to the nonlinear0
 .  .conservation law 1.8 with D u s 1ru . This is a very special nonlinear
diffusion equation that has an infinite dimensional classical Lie point
w xsymmetry algebra 19 . In this case, we can even fully solve the nonclassical
determining relations. However, in so doing, we merely recover the known
classical symmetries. Hence, the nonlinear diffusion equation which has
the largest classical point symmetry group has no additional nonclassical
symmetries.
 .The case 3.24c , involving a power law diffusivity, is the only case
remaining to be investigated. Again, we assume that f has been set at 10
after rescaling the variable t. In this case the classical determining equa-
tions reduce to
A s 0, A s 0, A s 0, 3.25a .x y t
X s 0, Y s 0, 3.25b .t t
mA q 2 X s 0, 3.25c .x
X s Y , and X s yY . 3.25d .x y y x
With the aid of MAPLE, we obtain the nonclassical determining rela-
tions, which after minor simplifications are
mA X 2 q Y 2 q 2 X 2 Y q Y 2 X y 2 XY X q Y s 0 3.26a .  . . .y x y x
XA y AX s 0, 3.26b .t t
XY y YX s 0, 3.26c .t t
A2 X mA q 2 X y X 3 A q A y Y XA y AX mA q 2 X .  . .  .x x x y y y y x
q 2 X 2A X q Y y 2 AX X 2 q Y X .  .y y x y x y
q X XA y AX mA q 2 X .  .x x x
q X 2A X q X y 2 X 2AA s 0, 3.26d . .x x y y x
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and
2 XYA mA q 2 X q X 2 Y X q X .  .x x x y y
y X 3 Y q Y q 2 X 2 Y X q Y .  .x x y y y y x
y 2 XY X 2 q X Y y XY X q Y mA q 2 X . . .y y x x y x
q Y 2 X q X 2 Y mA q 2 X q 2 X 3A . .y x x y
y 2 X 2 YA y 2 X 2A Y q X s 0. 3.26e . .x x y
The nonclassical symmetries X­ q Y­ q Au­ will be equivalent to thex y u
 .classical symmetries if there exists a suitable scalar function c x, y, t such
that
X , Y , A s c x , y , t X , Y , A 3.27 .  .  . .
 .is a solution to the classical determining relations 3.25 . Evidently, from
 .3.25a , A must be rescaled to be a constant A, so without loss of
generality we assume
c s 1rA. 3.28 .
 .  .Now from 3.26b and 3.26c , we deduce
X s F x , y A and Y s G x , y A 3.29 .  .  .
 .  .for some functions F and G. Hence after rescaling with 3.27 and 3.28 ,
X s F x , y and Y s G x , y , .  .
 .so that 3.25b is automatically satisfied. The remaining nonclassical rela-
tions may be rearranged to yield a system of three equations,
m q 2 F F q Gx y x2G y 2G s y m q 2G , 3.30a . .y2  / / FF
m q 2 F F q Gx y x
FF y F y GF q 2 F s F q F 3.30b . .  .x y y x x y y2  / / FF
and
m q 2 F F q Gx y x
G y GG q FG q 2 G y 1 s G q G . .  .  .y x y x x y y2  / / FF
3.30c .
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 .Equations 3.30 are satisfied by any pair of conjugate harmonic func-
tions F and G, obeying the Cauchy]Riemann relations
F q G s 0 and F y G s 0. 3.31 .y x x y
 .  .Furthermore, any nonclassical solution satisfying 3.31 must, by 3.30a ,
also satisfy
m q 2 F s 0,x
 .  .so that all of the remaining classical determining relations 3.25c , 3.25d
 .easily follow after an equivalence transformation of the form 3.27 .
Hence, if there is an essentially nonclassical symmetry, there must be a
 .solution of 3.30 that does not satisfy the Cauchy]Riemann relations
 .3.31 . So far, we have not been able to construct such a solution, and we
conjecture that there aren't any.
4. CONCLUSIONS
Although one of the original purposes of the nonclassical symmetry
reduction method was to construct new solutions of the classical heat
equation, we have proven that every solution of the latter is invariant
under some classical point symmetry. In effect, there are no strictly
nonclassical solutions, even though essentially nonclassical symmetries do
exist. The finite dimensional part of the classical point symmetry group is
well known, and the corresponding symmetry reductions of the heat
equation are well established. For any new exotic solution of the heat
equation, we can augment the symmetry group by adding a finite multiple
of the new solution. The invariant surface condition, for this member of
the infinite dimensional part of the symmetry group, is inhomogeneous, so
that one particular solution must be found before it can be solved in
general. In practice, some solutions of the heat equation which obey
complicated classical inhomogeneous invariant surface conditions, may be
obtained more easily after solving nonclassical invariant surface condi-
tions. Hence, the essentially nonclassical symmetries are potentially useful.
Our proof of guaranteed classical invariance extends to general linear
PDEs in two independent variables with constant coefficients. There is no
apparent reason, apart from desirable brevity, why this proof should not
extend to equations with more independent variables. Indeed, we have
checked it for the 2 q 1 dimensional heat equation.
For the reaction-free nonlinear diffusion equations, nonclassical symme-
tries appear to be scarce. We have investigated the nonclassical determin-
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ing equations for nonlinear diffusion in 2 q 1 dimensions. Apart from one
trivial exception, there are no essentially nonclassical symmetries
­ ­ ­
T x , y , t , u q X x , y , t , u q Y x , y , t , u .  .  .
­ t ­ x ­ y
­
q U x , y , t , u , .
­ u
with T non-zero. In the case of T s 0, the nonclassical determining
equations for symmetries of
f u u s u q u 4.1 .  .t x x y y
 .readily imply that f u can only be an exponential or a power law. In the
 .special exponential case, 4.1 has an infinite dimensional classical point
symmetry algebra but our direct solution of the nonclassical determining
equations shows that it has no additional essentially nonclassical symme-
tries. This is a striking example of one equation having a paucity of
essentially nonclassical symmetries despite an abundance of classical sym-
metries.
 .For the remaining case of power law f u , we are no longer able to
deduce the classical determining equations from their nonclassical coun-
terparts. However, we have reduced the nonclassical determining equa-
tions to a system of three equations that are clearly related to the classical
determining equations, and we have not been able to construct a strictly
nonclassical example. Overall, we believe that our impression of rarity of
nonclassical symmetries of nonlinear reaction-free diffusion equations has
been well evidenced. From our experience with reaction-diffusion equa-
w xtions 5, 20 , we know that the class of nonclassical symmetries may be
richer in 1 q 1 dimensions that in 2 q 1 dimensions. Another suggestive
fact is that nonlinear diffusion-convection equations may possess
Lie]Backlund symmetries in 1 q 1 dimensions but not in 2 q 1 dimen-È
w xsions 11 . The nonclassical determining equations for symmetries of
reaction-free nonlinear diffusion equations in 1 q 1 dimensions may be
worthy of future investigation, despite them being more difficult than their
2 q 1 dimensional counterparts.
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